
 

Page | 29  

Research Guru: Online Journal of Multidisciplinary Subjects (Peer Reviewed) 

CONSTRUCTION OF ORTHONORMAL BASIS USING 

FRACTIONAL DIFFERENTIATION 

LAL CHANDRA PATEL 

Department Of Mathematics 

Neharu gram bharati (deemed to be university) jamunipur kotawa dubawal Allahabad, 

Email: lal9026153385@gmail.com 

Abstract: 

In general we know that there are many basis of L
2
(R) – space , in which some can be 

written in the terms of sinx and cosx .another way of producing an orthonormal basis 

from single function involves translations and modulation .but in this paper we 

construct an orthomormal basis of L
2
(R) from given basis with help of fractional 

differentiation which is different from parent basis . 
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Introduction :  

Fractional differentiation is generalization of differentiation and integration of any 

(non integeral) order.Concept of fractional differentiation is came in existence about 

three hundred years ago .frist question arise by Leibnitz in 1695 . latter many 

mathematician work on it as  Liouville, Riemann, Weyl, Fourier, Abel, Lacroix, .now 

differential formula for any order of cosx is given as 
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)   where ν is any number                                1 

There are many basis of L
2
(R) some of them are given by , Let   g  =  ,    - and  

       ( )    
      (   ) for m,n ε Z . we can see that {              } is an 

othonormal basis for L
2
(R) .There more other example of orthonormal basisgiven 

below as 
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(iii) 2√    .
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(iv) {   √    (   )}                  

Each one of the system is an orthonormal basis of L
2
 (,    -) . 

Preliminaries:  

The Fourier transformation of a function f ε L
1
(R) L

2
(R) is define by  

 ̂( )                      ∫  ( )     
  

  

̂
dx                                                                    3 

Inner product of two  function define as  

˂ f , g ˃   =  ∫   ̅ ,                                                                                                  4 

 Definition ;  

We say that two function  f  and  g are orthogonal when inner product is zero .  

˂ f g  ˃  =  0  . 

A sequence  of function *   +        is an orthonormal sequence if , 

 ˂          = δm, n                                 where, 
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BALIAN – LOW THEOREM :  

Suppose       g ε L
2
(R) and      ( )     

      (   )              

If {              } is orthonormal basis for L
2
(R) , Then either  

∫     ( )  
  

  
             ∫   

  

  
  ( ) ̂        . 

DISCUSSION:     Take a sequence of function  from 2 (iii) , 
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Then  gk(x)    =         cos(
    

 
  )     so         g(x)    = g0(x)   = g(∏x/2) 

If 
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Now Fourier transformation of g(x)  WHICH GIVE tha 
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Now we find that         |  ̂ ( ) |2     =   0 ,hence  

Now ∫   ̂ 
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 dξ  =  finite. 

Next we check that   
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Hence general differentiation of any orthonormal basis is form another orthonormal 

basis. 

CONCLUSION: 

THE ABOVE DISCUSSION SHOW THAT THE GENERAL DIFFERENTIATION 

OF AN BASIS FORM ANOTHER ORTHONARMAL BASIS OF L
2
(R) OR L

2
[0 

,1].WE CAN ALSO DERIVED THE RESULT TO OTHER BASIS WHICH ARE 

GIVEN ABOVE .  
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